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(Tb,,Dyl JVO,: I. Phase diagram, specific heat and 
spectroscopic measurements 
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Physikalisches Institut, Universitat Karlsruhe (TH),  PO Box 6980, D-7500 Karlsruhe 1. 
Federal Republic of Germany 

Received 2 May 1989, in final form 22 August 1989 

Abstract. At low temperatures TbVO, and DyVOlexhibit a structural phase transition from 
the same high-temperature structure to different low-temperature structures. Owing to 
symmetry, different crystallographic domains are possible. Investigations of single crystals 
of the mixed system (Tb,,Dy, - , )VO, with a polarising microscope gave information about 
domain distribution and distortion type. Specific heat measurements, spectroscopic and 
birefringence data yielded the transition temperatures. The phase diagram of the mixed 
system may be interpreted as a superposition of the phase diagram of diluted TbVOj  and 
that of diluted D y V 0 4 .  At  high concentrations of one of the rare-earth ions the crystals 
distort like the respective pure substances, whereas at medium concentrations x = 0.4 a 
superposition of the distortion types is observed. The measurements are interpreted in 
the frame of a mean-field approximation, which is modified by the phenomenological 
compressible Ising model and by the inclusion of local strains of random distribution. 

1. Introduction 

T b V 0 4  and DyV04  belong to a series of isostructural rare-earth compounds exhibiting 
a structural phase transition caused by the cooperative Jahn-Teller effect (CJTE) [ l ] .  
While the high-temperature structures of these two compounds are the same (tetragonal 
zircon structure, space group I4 ,/amd [2]), apart from slightly different lattice constants, 
their low-temperature structures are different, DyV04,  for T < TD = 14 K, distorts 
parallel to the tetragonalaor b axis to its low-temperature structure Imma [3-51. TbV04,  
on the contrary, for T < TD = 33 K, distorts parallel to one of the bisectrices of the a 
and b axes [4,6],  henceforth called x and y axes. Its low-temperature structure is thus 
Fddd. 

The order parameters of the phase transitions are proportional to the respective 
macroscopic distortion, which we designate 

eA = e l l  - e22 = Aula - Ab/b 

e, = 2e12 = Ax/x - A y / y  

for DyV04  
and 

for T b V 0 4  
with e,, the components of the strain tensor [7]. The distortions are different in their 
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transformation properties with respect to the irreducible representations of the point 
group 4/mmm of the high-temperature phase. We use the notation of [8] and designate 
the distortion type of DyV0,as r; and that of TbV0,  as r:. Other authors, e.g. Elliott 
et a1 [9], used the spectroscopic notation Big for DyVO, and BZg for TbV04.  Because of 
the equivalence of the tetragonal a and b directions, crystallographic domains occur in 
DyVO, as well as in TbV0,.  The domain walls are at 45" to the distortion direction; 
thus observation of the domain structure gives a hint of the distortion type. 

The mechanism of the phase transition has been studied experimentally and theor- 
etically with several methods. For a review of the first investigations see Gehring and 
Gehring [ 11. Later publications include studies of birefringence [ 10, 111, specific heat 
[12] and dielectric constants [13]. 

Further investigations were made possible by measurements on mixed systems. All 
rare-earth vanadates (and arsenates) have similar lattice parameters and can be mixed 
in arbitrary ratios. By partial substitution of the Jahn-Teller (JT)-active rare-earth ion 
by an inactive one, e.g. by Gd3+, Lu3+ or Y3+, the effective coupling between the active 
ions can be reduced [14-181. If two rare-earth ions both of which are JT-active and give 
the same distortion type (e.g. TbV0 ,  and TmVO, [19,20] or TbAsO, and TmAsO, 
[19,20]) are mixed, the situation gets complicated because of coupling of the two ions 
via a common strain. 

The temperature dependence of the order parameter and the specific heat were 
published only for mixtures distorting like TbV0,  [14,17, 19,201. For mixtures con- 
taining Dy3+, only the transition temperatures (and some dielectric data) are known 
[15, 18,211. The different ionic radii lead to a statistical distribution of the two rare- 
earth ions in the mixed crystals and consequently to a non-homogeneous macroscopic 
strain [16, 17, 19,211. Not only cation mixtures but also anion mixtures are possible, 
e.g. DyVO, and DyAsO,, which were studied successfully [21,22]. 

This publication reports on the phase diagram of the mixed system (Tb,,Dy,-,)VO, 
and on specific heat and optical measurements. The distortion type was ascertained by 
means of crystal optical methods. The transition temperatures were determined by 
specific heat and birefringence measurements. Details of the birefringence experiments 
will be published in the two following papers [23,24], which henceforth will be designed 
as I1 and 111, respectively. Additionally, we report on measurements of absorption 
spectroscopy giving information about the eigenvalues of the Hamiltonian. Preliminary 
results on (Tb,,Dy, - ,)V04 were published in the Proceedings of the ICM 1988 [25]. 

2. Experimental details 

2.1. Samples 

The crystals were flux-grown in the Kristall- und Materiallabor der Fakultat fur Physik 
der Universitat Karlsruhe [26]. In addition to the pure substances (x = 0.0 andx = 1.0), 
mixedcrystalswithx = 0.1,0.2, .  . . ,0 .9andx = 0.35 and0.45 weregrown. The accuracy 
of the concentrations was verified with atomic absorption spectroscopy to 2% of the rare 
earth that is predominant. 

In the crystal optical, specific heat andspectroscopic measurements, different crystals 
of the same batch were used for each concentration x. For x = 0.4, two samples (I and 
11) of different batches were measured in the specific heat experiments. Sample I1 
was also used for the birefringence measurements. The crystals for the crystal optical 
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measurements were cut perpendicular to the tetragonal c axis and polished. The crystals 
for the specific heat experiments and spectroscopic measurements were used as-grown. 
In the specific heat experiments batches of up to four crystals with a total mass of about 
0.2 g were measured. 

2.2. Crystal optical measurements 

These experiments were carried out in a gas-flux cryostat. The temperature was 
measured by a calibrated carbon resistor. To produce single-domain crystals, magnetic 
fields up to B = 0.2 T were applied by a conventional electromagnet. The crystal was 
placed between crossed polarisers, the polarising direction being parallel to the tetra- 
gonal a or b direction or parallel to the x ory direction. The light source was a Xe high- 
pressure lamp. 

Domain distributions make themselves conspicuous by different colours in the inter- 
ference pattern, which was projected onto a screen. Using the conoscopic light path 
(convergent light), the optical indicatrix was determined [27]. This allowed conclusions 
about the symmetry of the distortion. The light for these investigations was mono- 
chromatised by interference filters (A = 436,547,578 and 653 nm) and focused onto the 
crystal. 

2.3. Specific heat experiments 

The specific heat experiments were carried out in a 'He bath cryostat using the con- 
ventional heat-pulse method. Corrections were made to account for the heat capacity 
of sample holder, heater and thermometer and the lattice contribution to the specific 
heat with a Debye temperature of OD = 250 K. For details, we refer to [19]. 

2.4 .  Spectroscopic measurements 

The measurements of absorption spectroscopy were carried out in a gas-flux cryostat 
with a carbon-resistor thermometer. The crystal was irradiated perpendicular to the c 
axis with white light from a Xe high-pressure lamp. The spectra were taken in a 3.4 m 
Jarrell-Ash Ebert spectrograph with a theoretical resolution (limited by the entrance 
and exit slits) of A 6  = 0.22 cm-' in the measured region. The real resolution was worse 
because of the finite linewidth (about 1 cm-'). The spectra were recorded automatically 
by data processing using a photomultiplier mounted onto a step-driven slide. The 
scanning region was 10 cm at maximum, corresponding to a wavenumber interval of 
about 400 cm-'. 

Transitions of the Tb3+ ions from the ground term 'F, to the term 5D4 and transitions 
of the Dy3+ ions from the ground term ,HIjp to the term 4F9/2 were investigated. From 
measurements in o and n polarisation the ground states (lowest four crystal-field states) 
were determined. 

3. Distortion type and phase diagram 

3.1. Distortion type 

3.1.1. Dy-rich crystals (0.0 S x S 0.3). In the orthoscopic light path, Dy-rich crystals 
show the same domain structure as DyV04  [8,28-301. The domain walls are parallel to 
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x and y,  i.e. at 45" to the two possible distortion directions parallel to a and b. The 
domains have dimensions of about 15 X 30 pm2 in the ( a ,  b) plane. In a magnetic field 
of B = 0.2 Tin  the distortion direction, the domain structure disappears and the crystals 
become single-domained. In a field B I /  x, i.e. at 45" to the distortion direction, domain 
walls perpendicular to the magnetic field are observed as in pure DyV0,  [29,30]. The 
conoscopic interference pattern is typical for an orthorhombic structure with axes 
parallel to the tetragonal a and b directions. 

3.1.2. Tb-rich crystals (0.45 d x d 1.0). Tb-rich crystals behave as pure TbV0,.  The 
domain structure is the same as in TbAsO, [31]. The domain walls are parallel to a and 
b ,  i.e. at 45" to the distortion direction. The regions of equal interference colours are 
much broader (about 300 pm) than for the Dy-rich compounds. As before, the domains 
can be removed by a magnetic field of B = 0.2 T in the distortion direction. The cono- 
scopic interference pattern is typical for an orthorhombic structure with axes parallel to 
x andy. 

3.1.3. Intermediate concentrations (x = 0.35 and x = 0.4). For intermediate con- 
centrations, depending on temperature, at B = 0 T both domain types are observed. 
Below the lower transition temperature TD2, the domain structure of DyV0,is observed. 
Additionally, in the sample with x = 0.4 wavy stripes along a appear. For T 2- TD2 
additional stripes parallel to x and y can be seen and the stripes along a become more 
indistinct. For TD2 S T s TD, the domain structure of TbV0,  is present. 

In magnetic fields parallel to the main distortion directions ( a ,  b ,  x or y), the cor- 
responding domain structures of the pure substances are observed [32]. For these four 
field directions there is always a temperature range where domains exist. In a field that 
is parallel to the bisectrix of the a and x axes, however, i.e. at 22.5" to the a axis, the 
crystals are single-domained in all phases. For T < TD2 a dispersion of the indicatrix axes 
in the conoscopic interference pattern is observed. This dispersion is characteristic for 
crystals with monoclinic (or triclinic) symmetry. It is caused by the superposition of the 
two Jahn-Teller distortion types r; (parallel to x) and r,' (parallel to a )  and the 
different birefringence dispersions for the two distortion types. For details of the birefrin- 
gence and its dispersion, we refer to paper I1 and to [33]. With increasing temperature, 
the indicatrix rotates towards the x axis. For the blue region of the spectrum, the x axis 
is reached already at lower temperatures than for the longer wavelengths, since the 
elasto-optical coefficient [7] for the r.; distortion is very much smaller in the long- 
wavelength than in the blue region. For longer wavelengths the influence of the ri 
distortion on the indicatrix is preserved to higher temperatures although the r; dis- 
tortion is smaller than the r i  distortion. The macroscopic superposition of the two 
distortion types, as observed here, is confirmed by birefringence measurements which 
agree with a calculation including the consequences of this superposition (see paper 111). 

3.2. Phase diagram 

Figure 1 shows the phase diagram of (Tb,,Dy, - x ) V 0 4  determined from the maxima of 
the specific heat (0 5 ) .  For comparison, the values of TD determined from birefringence 
measurements (extreme values of d(Sn)/d Tin magnetic field and extrapolation to B = 
0; see paper 11) are given. In table 1 the transition temperatures are listed together with 
the measured and calculated jumps of the molar specific heat (for the calculations, see 
9 5). The discrepancies in the values of TD for the r l  distorted crystals with great x have 
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Figure 1. Phase diagram of the structural phase 
transitions of (Tb,,Dy, - , ) V 0 4 .  Squares: r: tran- 
sitions (Dy type), Triangles: r; transitions (Tb 
type). Full symbols: taken from specific heat 
measurements (this paper). Open symbols: taken 
from birefringence measurements (paper 11). Full 
curves: T,  in mean-field approximation. The 
respective distortion type is drawn symbolically in 
the phases. 

Table 1. Transition temperatures T ,  and specific heat data of (Tb,.Dy, _,)VO,. 

Crystallographic transition temperature, 
T D  (K) Nee1 

temperature. 
Tb  Specific Jump. AC/R T N  (K) 
concentration. heat (this Birefringence Spectroscopv 
X paper) (paper 11) (this paper) Experiment" Theory Specific heat 

r; distorted crystals 
1 .0 34.3 t 0.1 
0.9 30.4 t 0.1 
0.8 26.6 t 0.1 
0.7 23.6 ? 0.1 
0.6 18.4 t 0.1 
0.5 13.2 t 0.2 
0.45 - 
0.4h 8.7 ? 0.1 
0.4' 9.0 t 0.2 
0.35 - 

ri distorted crystals 
0.0 14.6 t 0.1 
0.1 13.0 t 0.1 
0.2 10.3 t 0.1 
0.3 7.7 t 0.1 
0.35 - 
0.4h 4.4 t 0.2 
0.4' 5.2 t 0.1 
0.45 - 
0.5 <1.1 

33.3 t 0.4 
30.0 t 0.4 
25.8 t 0.4 
23.3 f. 0.3 
18.4 t 0.3 
13.2 t 0.2 
12.0 t 0.2 

9.0 t 0.1 
6.4 k 0.2 

- 

14.5 t 0.2 
12.8 t 0.2 
10.3 t 0.2 
7.6 t 0.1 
5.2 t 0.1 

5.2 t 0.1 
- 

<2.1 
< I 2  

33.2 t 0.2 
29.4 t 0.3 
26.5 t 0.3 
22.5 t 0.5 
18.5 t 0.5 
14.0 2 0.5 

8.5 t 0.5 
- 

- 
- 

15.0 t 0.5 
13.2 t 0.5 
10.5 t 0.5 
7.8 t 0.5 

2 s T , s 5  
- 

- 
- 
1 1 . 5  

1.2 t 0.2 1.42 - 
1.1 t 0.2 1.17 - 

0.90 t 0.15 0.96 - 
0.71 t 0 . 0 5  0.84 - 
0.44 t 0.05 0.56 - 
0.32 2 0 . 0 5  0.28 - 
- - - 
0.11 t 0.03 0.08 - 
0.10 2 0 . 0 3  0.08 - 

2.47 t 0.10 2.63 3.05 t 0.05 
1.78 rt 0.08 1.86 2.75 2 0.05 
0.85 t 0.05 0.92 2.40 t 0.05 
0.45 t 0.05 0.43 1.95 2 0.05 

0.03 t 0.01 0.04 1.50 f 0.05 
0 . 1 0 t  0.01 0.12 1.52 t 0.05 

- - 1.35 t 0.05 
- - - 

With high-temperature tail extrapolated to TD2. 
Sample I (see $5.3.2). 

' Sample I1 (see 5 5.3.2). 
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also been observed in (Tb,,Tm, - ,)V04 and (Tb,,Tm, -,)As04 [19]. The value of TD for 
x = 0.7 is too high compared with those of the neighbouring concentrations. It is also 
too high compared with mean-field approximation (MFA). According to the calculations, 
the real concentration in the measured samples must be at least 0.71. The difference of 
the r; transition temperatures of the two samples with x = 0.4 is presumably due to 
different random strains in these samples (see § 5.3.2). 

The transition temperatures found for the (Tb,,Dy, -,)V04 system deviate distinctly 
less from the mean-field values than those of the other mixed systems containing either 
TbV04  or DyV04  [15, 18, 191 (with the exception of (Y,,Dy, -,)V04 [15]). Obviously, 
the deviation depends on the difference of the ionic radii of the mixed rare-earth ions or 
on the difference of the lattice parameters of the pure substances, respectively. 

The phase diagram as a whole is an undisturbed superposition of the phase diagram 
of TbV04 diluted with Dy3+ and that of DyV04 diluted with Tb3+. For the measured 
samples withx = 0.35 andx = 0.4, the two distortion types are superimposed, as shown 
by crystal optical measurements (§ 3.1.3.) and birefringence measurements (see paper 
111). This yields a macroscopic monoclinic distortion and a space group C2/c for these 
crystals for T < TD2. In mean-field approximation (see § 4) a tetracritical point is 
obtained where the two phase boundaries intersect. 

A similar superposition of phase transitions due to competing interaction mech- 
anisms is known both in mixed Jahn-Teller spinels [34-361 and in mixed anti- 
ferromagnets, where the pure substances have different easy axes 1371, leading to 
an intermediate phase designated as ‘mixed order antiferromagnet’ [38] or ‘oblique 
antiferromagnet’ [39]. We confine ourselves to a comparison with the magnetic systems 
because the order parameter in the spinel system is two-dimensional even in the pure 
substances [40] leading to a different interpretation of the mixed system [41] compared 
to that of systems where the order parameter of the pure substances is one-dimensional. 

Two points in the discussion of mixed antiferromagnets are of interest for our system: 
The first one is the behaviour of the phase transitions in the vicinity of the tetracritical 

point. Owing to renormalisation-group theory [38,42], the phase boundaries of the 
diluted antiferromagnets intersect without discontinuity at the tetracritical point. 
According to Landau theory [43] and correspondingly in mean-field approximation [39], 
this is the case only if there is no cross term in the free energy, i.e. if there is no interaction 
between the magnetic moments of the two mixed ions or if there are no off-diagonal 
terms in the Hamiltonian. This is approximately realised, for example, in 
(Fe,,Col -,)CI2 . 2 H 2 0  [44-461. Transferring these results to our Jahn-Teller system, 
we note that in both pure T b V 0 4  and DyV04  the interaction constants related to the 
respective distortion type of the other rare-earth ion are small compared with those of 
the ‘own’ ion [9]. This is in accordance with the experimental phase diagram of the mixed 
system. The r; transition temperature of (Tbo 35,Dy0 65)V04 (figure 1) does not argue 
against that because internal strains can lower the transition temperature, as demon- 
strated in the two samples withx = 0.4 (see # 5.3.2). 

The second point is the sharpness of the lower transition temperature. In the mixed 
Ising-xy antiferromagnet (Fe,,Col -,)C12, the transition at the lower temperature is 
smeared out while that at the higher temperature remains sharp [47,48]. This was 
explained with random-field effects due to off-diagonal terms in the Hamiltonian. In 
(Tbo4,DyO6)VO4, the lower (i.e. r;) transition is sharp in both specific heat (§ 5.3.2) 
and birefringence experiments (cf figure 6(b) of paper 11). Thus the absence of cross 
terms in the interactions is supported. 
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4. Theory 

4.1. Mean-field approximation 

The theoretical description of the cooperative Jahn-Teller effect (CJTE) in the rare-earth 
zircons is based upon the pseudo-spin formalism and the corresponding mean-field 
approximation, developed by Elliott et a1 [9]. It considers a pseudo-spin-pseudo-spin 
interaction and a coupling of the pseudo-spins to the macroscopic distortion. In mean- 
field approximation (MFA) the pseudo-spin-pseudo-spin interaction reads A(a')a', and 
the coupling to the macroscopic strain reads qea'. Here (a') is the configuration average 
of the pseudo-spin operator a', e is the macroscopic distortion (e = ex for TbV04,  e = 
eA for DyV04) ,  A is the interaction constant of the pseudo-spins and q is the coupling 
constant with the distortion. The configuration average (a') acts as an order parameter 
of the Jahn-Teller (JT) transition. 

For a theoretical description, knowledge of the crystal-field states is necessary. These 
have been determined by optical spectroscopy and Raman scattering [8, 9, 28,49,50]. 
In TbV04 ,  at low temperatures but T > T D ,  four crystal-field states are occupied: a 
singlet (r,) at - E ,  a doublet (r,) at E' and another singlet (r,) at + E .  In DyVO,, two 
Kramers doublets (r, and r,) are occupied with a distance 2Ao for T > T D .  

The mean-field Hamiltonians for T b V 0 4  and DyV04  in an arbitrary magnetic field 
and their eigenvalues Wf have been given by McPherson eta1 [51] and Pytte [52]. For the 
self-consistent calculation of the distortion, the partition function 

4 

Z = 2 exp(W,/kT) = Z(A(a') + r e )  
f =  1 

is needed. Apart from the crystal-field parameters, it only depends on the sum 
(A(a') + q e ) ,  for both substances in the stress-free case. 

4.1 . I .  General considerations for  diluted systems. The experimental results showed that 
the phase diagram of the mixed system (Tb,,Dy, -x )V04  is a superposition of the phase 
diagramsof the two diluted pure substances. In the following equations the concentration 
of the JT-active ion is denoted as x, which means XTh or xDY, respectively, and that of the 
m-inactive ion is denoted as (1 - x), which means, for example, 1 - XTh = xDY. 

The partition function of the JT-active ion is a function of (xA(a') + qe), i.e. 

while the partition function of the inactive ion does not depend on this variable. The 
free energy related to one rare-earth ion is thus 

F = -xkTln ZaCtive(xA(a2) + qe) - (1 - x)kTln ZLnactlve + k~'A(a')~ + kVocoe2. ( 3 )  

Here Vo = $ abc is the effective volume of a rare-earth ion and co is the elastic constant 
for T -  x (c,, = cx = c6,for TbV04 ,  co = cA = $(c,, - c12) for DyV04).  
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The order parameter (az)  and the distortion e can be calculated using the relations 
for thermodynamic equilibrium 

8 F/d  (a') = 0 (4) 
and 

dF/de = 0 
leading to implicit equations for (a') and e, respectively. From equation (3) it follows 
that (a') and e are proportional [52] ,  with 

Therefore, (a') and e may be regarded as equivalent order parameters. The total 
interaction constants can be related either to (a') or to e as 

xA(a*) + ye = x(A(a') + p ( d ) )  = xJh(o') = Hhe. (7) 
In this and the following papers I1 and 111, the order parameter e is used for the following 
reasons. First, for the calculation of the birefringence in 11, excitations of the vanadate 
complex must be taken into account, too. However, (a') is defined for rare-earth ions 
only and not for the vanadate anion. Secondly, the pre-stains introduced in the following 
section explicitly are strains and therefore not immediately related to (a'). The inter- 
action constants that are usually related to (a') may be converted by 

The free energy as a function of e only is then 

(9) 
The additional factor ( J ( , / p )  in the elastic energy comes from the conversion of the term 

If one supposes the elastic constants cA of TbVOj and DyV04  to be equal and if one 

F = -xkTln Z a C t i v , ( H ( , e )  - (1 - x)kTln ZlnactlYe + iVocoe2(Jh/y). 

i x  ?A ( a*) 2 .  

supposes the same for cx, the free energy becomes 

F =  FTb FD! (10) 

F T b  = -xkTln ZT,(Hh,Tbex) + i V o ~ X e i ( J b . T b / ~ T b )  (11) 

F D y  = -(I - x ) k T l n  Z D y ( H h , D y e A )  + i V o c A e i > ( J ; . D y / ~ D y ) .  (12) 

dFlaex = 0 (13) 

with 

and 

Analogously to equation (5) the conditions 

and 
aF/deA = 0 

lead to the implicit independent equations 

and 
=fx(ex3  7-1 (15) 

e.4(7-) = f A ( e A ,  U .  (16) 
The specific heat Cis calculated as the derivative of the energy U ,  
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with 

and 

4.1.2. Random strains. The transition temperatures of the mixed systems of the rare- 
earth zircons investigated so far are significantly lower than the values expected in MFA 
[ 14-21]. For their explanation, several phenomenological ansatzes have been made. We 
adopt here an ansatz introduced by Gehring et a1 [16] and used in other publications 
[17, 19,211. A distribution of pre-strains due to the different lattice parameters of the 
pure substances is taken into consideration. This distribution e,is assumed to be Gaussian 
with half-width e,/2, 

and e, has the same symmetry (rl or r,+) as the respective distortion. The following 
considerations are valid for diluted TbV04  and for diluted DyV04 as well as for the 
region where both distortion types superimpose. In order to reproduce the smearing- 
out of the phase transition in the specific heat, even for measurements without magnetic 
field, an additional small pre-strain e, was assumed, making the pre-strain distribution 
unsymmetrical [19]. Thenp(e,) becomes 

Similar effects are produced by a r: strain or a distribution of local concentration 
gradients. It can be shown that, for the case of a Gaussian distribution of pre-strains, 
(a') and e are still proportional and equation (6) remains valid. The free energy, (11) or 
(12) respectively, becomes 

p(ev> - exP(-et ln 2 l e f / * )  (20) 

- exp[-(ev + e d 2  In 2/e:/zl. (20a) 

with the term (xA(a') + r e )  in the free energy Fo replaced by 
(xA(o')  + r e  + re , )  = (Hhe + re,) .  

It is important that the effective interaction constants HA for e and q for e, are thus 
different for A # 0. The distortion e is calculated self-consistently in the same manner as 
in equations (15) and (16) by 

e = j f k  e,)p(e,> de,. (23) 

The specific heat is evaluated with C = d U/d T, as above, and 

W e , )  = Uo(e ,  e,)p(e,) de,. (24) 

In spectroscopy, instead of the eigenvalues W,, their averages are measured 

(25) 

The interactions in DyV04  and T b V 0 4  responsible for the CJTE are strongly aniso- 
tropic [9], thus establishing the 3~ Ising character of both systems [lo]. Furthermore, 
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TbV04  shows nearly perfect mean-field behaviour [lo, 53,541 due to its predominant 
coupling via k = 0 acoustic phonons. In the mixed substances, the inhomogeneities are 
obviously relatively large and the random pre-strains spatially spread to such a degree 
that the system will not break up into domains in the sense of Imry and Ma [55,56]. An 
unsmearing of the phase transition in an external field is not observed. A small field 
indeed shifts the transition to higher temperatures, but produces a further smearing of 
the phase transition; see figure 6 ( b )  of paper 11. These two effects are present already 
without additional random pre-strains [51,52,57], but they are intensified with increas- 
ing dilution. This can qualitatively be understood by inspection of equation (30) (see 
below). 

It should be mentioned that a parametrisation of disorder (as is done in this section) 
includes both effects of site disorder (via the occupation of the rare-earth sites by JT- 
inactive ions) and randomly distributed interactions (via local stress due to different 
lattice parameters of the pure substances). In the case of ‘strong randomness’, these two 
effects lead to very different behaviour [5&60]. A discussion of these aspects, however, 
would go beyond thc scope of this paper. 

4.2. Modifications of the MFA for DyVOI and diluted DyV04 

For DyV04  and diluted DyV04,  the MFA is neither capable of reproducing the full 
temperature dependence of the distortion (or related physical quantities) nor of yielding 
the experimentally determined transition temperature. The reason is that short-range 
interactions of the electronic states with optical phonons are effective. Therefore modi- 
fications of the MFA were necessary. 

4.2.1. Resealed MFA.  In an early ansafz explicitly considering short-range interactions, 
the temperature dependence of the elastic constants was correctlyreproduced for T TD 
[53]. This ansatz could not be extended to T < TD, however. Furthermore, several 
modifications were suggested, resulting in a rescaling of the interaction constants, or a 
power-series expansion of the elastic susceptibility [ 151. With these modifications the 
transition temperatures of the mixed system (Y,,Dy, -x)V04 could be explained. The 
system (Gd,,Dy, -,)V04, however, showed the incompleteness of these models. For 
this system, distinctly smaller values of TD were measured for the same dilution [ 181. 
Further calculations considered a possible Dy-Gd interaction and a magnetostrictively 
induced electric quadrupole moment of the Gd3+ ion [18]. Both interactions were 
parametrised. With this modification the crystallographic transition temperature TD of 
both mixed systems and the Nee1 temperature TN of (Gd,,Dy, -,)V04 were reproduced. 
Nevertheless, this ansatz is not satisfactory because it does not explain the temperature 
dependence of the order parameter of DyV04,  which is approximately proportional to 
(TD - T)Il3 [lo] and thus steeper as in a rescaled MFA. 

4.2.2. Compressible k i n g  model. Another ansatz applied the compressible Ising model 
(CI model) to the structural phase transition in DyAs04 [61], which, in contrast to 
that of other rare-earth zircons [61,62], is discontinuous. It states that the interaction 
responsible for the CJTE depends on the order parameter 

J’ = Jb(1 + ( ( a y ) .  (26) 
The parameter J b  is fitted to the experimentally determined transition temperature TD. 
The introduction of the compressibility ( changes the interaction in such a way that 
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the temperature dependence found for the various physical quantities is satisfactorily 
reproduced. At first, f was introduced purely phenomenologically. Later it was related 
to the ‘effective number of interacting neighbours’ z [63] and thus to the short-range 
character of the interaction. 

Introducing the parameter c, the phase transition becomes steeper as in MFA and for 
C > 4 even discontinuous. With the CI model, the temperature dependence of the 
dielectric susceptibility of DyAsO, and DyV0,  [13,61] as well as those of the birefrin- 
gence[ll] andthespecificheat [12] ofDyV0,werereproduced. Details, e.g. eigenvalues 
in a magnetic field, may be found in [61]. The CI model leads to a restriction of the region 
with correct critical exponents. Outside this region, wrong exponents would be derived 
[ I l l .  

4.2.3. Compressible Ising model for diluted DyVO,. In the applications of the CI model 
to DyAsO, and DyV0,  published so far, the pseudo-spin-pseudo-spin interaction was 
assumed to be responsible for the CJTE, neglecting coupling to the elastic strains: q = 0, 
thus .Tb = A .  For the pure substances this does not lead to modifications, apart from a 
scaling of the distortion. For the diluted substances, however, distinct differences occur. 

In the following, it is assumed that both the pseudo-spin-pseudo-spin interaction A 
and the coupling q to the strains depend on the order parameter. With the additional 
assumption that A depends on (U’) only and q depends on eA only, the following relations 
are stated: 

Here f describes the anharmonicity of the pseudo-spin-pseudo-spin interaction and E 
the anharmonicity of the elastic energy. As in equation (2) of [12], this leads to the 
following relation for the free energy F D y  instead of equation (12) (the magnetic field B 
is parallel to a and magnetic dipole and exchange fields have been neglected): 

F D ,  = -XD,kTln Z D , ( X D ~ A ’ ( U ~ ) ,  q’eA) + ~ X & A O ( U ‘ ) ~  

$ 3  4xDyfA( ) (0z )4  2 + &VocAef, + $EVOcAe$, 

where xDY = 1 - XTb and the partition function 

il -Ha [ ( S  - Ha/2)* + A’]’’* 
+ e x p ( F )  cosh( kT 

with Ha = iggspectrpBB and 

S = x D , & ( d ) ( 1  + C ( U * ) ~ )  + qoeA(l + g e i ) .  

&b is obviously not changed. 

analogously to the free energy. 

constant parameters but depend on (U’) and eA via equations (28) and (29). 

The energy UD, needed for the calculation of the specific heat can be calculated 

It should be noticed that the quantities A’  and 11’ in equation (30) are no longer 
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Using equations (4) and ( 5 ) ,  it can be shown that equation (6) is still valid. So (a') 
and e A  are proportional also in this case. As in 4.1.1 (0') may be replaced by e A  and 
vice versa. In particular, the following relations hold 

= H ' e A  

with 

and 

The conversion of the quantities and 5- results from 

- -  vOcA 

E = Cx&(J;I - A")' (34) 

Consideration of the limiting cases ( = 0 and 5 = 0, respectively, shows that anhar- 
monicity of il for decreasing Dy concentration xDy gives a greater difference to a non- 
modified MFA than anharmonicity of the elastic coupling. For ; = 0, the curves differ less 
from the MFA curve with increasing Dy dilution. Thus a comparison of the experimental 
results with the CI model should allow a decision between anharmonicity of the pseudo- 
spin-pseudo-spin coupling and anharmonicity of the coupling to the macroscopic strain. 

4.2.4. CI model andpre-strains. The CI model does not change the calculated transition 
temperature for given AO and qO. A diminution of TD may be explained with the effects 
described by Bingham et a1 [18] (see § 4.2.1) as well as by pre-strains. The consideration 
of pre-strains in the CI model requires that the anharmonicity E of the distortion operates 
on the pre-strains, too. In the condition ( 5 )  (dF/deA = O), terms proportional to 
Je tp(e , )  de, occur but not in thecondition (4) ( d F / d ( a ' )  = 0). Hencein themost general 
case, (a') and are no longer proportional (see the Appendix). The proportionality is 
valid only if E = 0. The two equations for (az)  and eA then have to be calculated 
simultaneously with additional parameters (C and 6 cannot be converted into each other 
any more). Furthermore, the solutions are dependent on the ratio of the two interactions. 
Thus, by incorporating the pre-strains into the CI model, the reasonable limits of an 
extension of the MFA seem to be reached (or even crossed). 

Despite these difficulties we have calculated the distortion and the specific heat, 
supposing E = 0 and therefore (a') - e A  for comparison with the experiments (5  5 ) .  
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Figure 2. ( a )  Distortion eA and ( b )  specific heat 
calculated in the compressible Ising model for a 
crystalwithx,, = 0.7( i .e .x  = 0.3)andaGaussian 
pre-strain distribution according to equation (20) 
with e , ;?  = 0.0018 for differentvalues of the com- 
pressibi!ity 5. Full curve: t = 0.200. Broken 
curve: 6 = 0.098. The distortion has been scaled 
to its maximum value at T = 0. 

The possible anharmonicity of q has been considered by a concentration-dependent 
parameter f .  The free energy FDy as a function of eA only reads 

~Dy(eA1 = - x D y k ~  ln z D Y [ ~ , e A ( l  + + v ~ I P ( ~ \ >  de, 1 
+ 4VOcA (j;, Dy/ ,UDy  )e: + ivOcA Ee4(J/1.Dy/8uDy) (35) 

where we have dropped a constant proportional to Jetp(e , )  de,, and the interaction 
constants H ;  and q are converted to Jb and p with equation ( 8 ) .  The distortion eA is 
calculated self-consistently with equation (5) analogously to equation ( 2 3 )  as well as the 
energy UDy and the specific heat. 

As mentionedin the last section, a decision between f = constant and f - xhy should 
be possible from measurements of both the specific heat and the order parameter. For 
x = 0.3 (i.e. x D y  = 0.7) the temperature dependence of the order parameter and the 
specific heat is shown in figure 2 for a half-width e,/* = 0.0018 (as was used for the fit of 
the measured curves; see § 5.3) and different values of the compressibility: 5 = 0.2 and 
5 = 0.72 x 0.2. Order parameter and specific heat are clearly different for these two 
values of f .  

5. Experimental results and discussion 

5.1. Definition ofparameters 

In contrast to earlier work on the mixed substances, in this paper both the interaction 
within the pseudo-spin system and the coupling to elastic strains are considered. For 
fixed T,, (a') and e are proportional and the sum of the corresponding contributions is 
not changed. This leads to a rescaling of the distortion and the pre-strains compared to 
earlier publications. Furthermore, the elastic constants for T+ x are used instead of 
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Table 2. General parameters for the mean-field calculations. 

Parameter Reference TbV04 

JI ,  = ,I + p (cm-') 
U P  [531 

A (cm-') [491 

cA = +(cII - c12) (N m-') [531 
cx = chh ( N  m-*) [531 
Maximum distortion, e,, X 100 

calculated 
measured [3,4.6,65] 

E (cm-') [501 
E' (cm-') [501 

VI, = $V,,, (nm') [641 

24.45 
-0.318 

9.55 
-1.55 

0.0815 

1.493 X 10'" 
h 

2.32 
2.24 ? 0.06 

10.84 
+0.430 

4.5 
0.0806 
9.95 x 10"' 
h 

0.40 
0.46 2 0.04 

J; ,  was fitted to the transition temperatures of the pure substances. Owing to the slightly 
smaller transition temperature of TbVOl in the birefringence (paper 11) and spectroscopic 
measurements, a value of J; ,  = 23.8 cm-' was used for the calculations in these cases. 

The elastic constants for TbVO, and DyVO, were assumed to be equal. 

those for T = 300 K, yielding an additional scaling factor. As a whole equations (7) and 
(22) lead to 

e = s e =  ( ,u /Jb  ) '1' [ co (300 K)/c( x ) ]  

ell2 = S1/221/2 = ( J b / ~ ) ~ / * [ c ~ ( 3 0 0  K)/c(x)I1/'C1p 

2 (36) 

(37) 

with C the distortion for p = It,. 
This scaling is only important for the distortion itself and for comparing the half- 

widths Clj2 of the pre-strains in the different publications. The specific heat and the 
eigenvalues are obviously not changed. 

We fitted Jh = A + ,U to the measured TD value of the pure substances. For TbV04,  
this value and correspondingly the fitted Jh differs somewhat between specific heat 
measurements and birefringence (paper 11). The ratio A / p  was taken from Sandercock 
eta1[53]. For DyV0,thisis somewhat problematicas Sandercocketalconsider explicitly 
short-range interactions. In the present work, the two pseudo-spin contributions v and 
4j (equation (34) in [53]) were included in A. The volume of the unit cell was taken 
from Schwarz [64]. The calculated maximum distortions are in accordance with those 
determined from x-ray scattering [3,4,6,65].  In table 2, all used parameters are listed. 

For each measured concentration x, the specific heat and the eigenvalues were 
calculated according to §§ 4.1 and 4.2, respectively. The respective half-widths, eli2 of 
the pre-strain distribution were fitted to the experimental data. For the r.$ distorted 
crystals, the compressibility 5 was an additional fitting parameter. These parameters are 
listed in table 3. 

5.2. rf distorted crystals (x 2 0.4) 

5.2.1. Specific heat. As in the mixed system (Tb,,Tm1-,)VO4 [19], the r; transition in 
the Tb-rich compounds (0.4 S x S 1.0) of (Tb,,Dy, - JV04  shows almost perfect mean- 
field behaviour, i.e. the specific heat curves are triangular-shaped. In figure 3, measured 
and calculated specific heat curves are compared for x = 0.8 and x = 0.6. The Dy 
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Table 3. Fit parameters for the calculations on the diluted substances: ell2 is defined in 
equation (20a), < in equation (32). Because of clearer representation, e ,  is not listed 
(0 s e, G 6 X lo-' in all calculations). ell2 and e, have the same symmetry as the cor- 
responding distortion, e, and eA respectively. For comparison, ell2 for (Tb,,Tm, - x ) V 0 4  
and (Tb,,Yb,-,)VO, (201 with a scaling according to equation (37) are given. 

r; distorted crystals 

(Tb,,Dy, - z ) v o 4  
(TbnTm, -x)V04/ 

Birefringence (Tb,,Yn,-,)V04 
(paper 11) 

Specific heat and spectroscopy Birefringence 
Tb concentration, x (this paper) (this paper) P O I  
1 .o 
0.9 
0.8 
0.71" 
0.6 
0.5 
0.45 
0.4b 
0.35 

0.0 
0.09 
0.21 
0.0 
0.25 
0.33 

0.27 
- 

0.0 
0.10 
0.25 
0.0 
0.23 
0.27 
0.24 
0.26 
0.19 

0.0 
0.44 
0.51 
0.69 
0.71 
0.62 
0.65 

T; distorted crystals 

ell2 x 100 

Specific heat, 5 
spectroscopy 
(this paper) and 
birefringence spectroscopy Birefringence 

Specific heat and 

T b  concentration, x (paper 11) (this paper) (paper 11) 

0.0 
0.1 
0.2 
0.3 
0.35 
0.4' 
0.4d 
0.45' 

0.0 
0.063 
0.148 
0.180 
0.213 
0.199 
0.177 
0.200 

0.2 
0.2 X 0.92 
0.2 x 0.g2 
0.2 x 0.7' 

0.2 x 0.6' 
0.257 X 0.6* 

- 

0.265 
0.265 
0.240 
0.265 
0.265 

0.340 
0.265 

- 

* Nominal concentration (see text). 

ell' and e,. 
The calculations for the two measured samples were fitted with the same parameters 

Sample I (see $ 5.3.2). 
Sample I1 (see $5.3.2).  

e No phase transition was observed. Despite this, in a finite magnetic field a birefringence 
was observed and the measured birefringence curves were fitted with these parameters. 

contribution to the specific heat is shown, too. The fits are in reasonable agreement with 
the measurements, although the jumps at the phase transition differ somewhat. The 
jump of the specific heat is slightly smeared out with decreasing Tb concentration. This 
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T ( K )  

Figure3. Molar specific heat of (Tb,,Dy, - l ) V 0 4 .  
The lattice contribution and the contributions of 
sample holder, heater and thermometer have 
been subtracted. (a)  (Tb,,,,Dy,, z ) V 0 4 ;  ( b )  
(Tb,, ,,Dy, , )V04.  Dots: experimental results. 
Full curve: calculated in MFA with pre-strains 
according to $4.1.2. The parameters for the cal- 
culations are listed in tables2 and 3. Broken curve: 
Dy contribution to the specific heat (included in 
the full curve). 

" 0  'E c 

0 10 20 30 

Figure 4. Energy of the four lowest 'F6 levels of 
the Tb3' ion in (Tb,,Dy,+,)VO, for ( a )  x = 1.0 
and ( b )  x = 0.5 compared with the MFA cal- 
culations (parameters of table 3). Dots: exper- 
imental results. Full curves: calculation. 

smearing-out was more pronounced in (Tb,,Tml - JV04  and (Tb,,Tm, - JAs04 [ 191. It 
may be expressed phenomenologically by an increase of the unsymmetrical part of the 
pre-strain distribution with the parameter e, (§ 4.1.2). 

5.2.2. Spectroscopy. The Tb ground state determined from 7F6-+ 'D, transitions shows 
mean-field behaviour for 0.5 S x G 1.0 (figure 4). For the first time, measurements for 
pure TbV04  over the whole temperature range are presented. For x G 0.8, the upper 
singlet could not be determined experimentally, and for x S 0.6 the upper doublet 
component could not be detected either. For x < 0.3 no change in the energy of the 
levels was observed. The Tb3+ ion in the vanadate lattice does not couple to r: distortions 
[9]. Although forx = 0.3 and x = 0.4 the spectra showed some temperature-dependent 
change, the ground state could not be determined from the measurements because of 
the low contrast and the lack of sharpness of the lines. 

5.3. r: distorted crystals (x s 0.4) 

5.3.1. Spectroscopy. The distance of the two lowest Kramers doublets of the Dy ground 
state, determined from 6H,5/2-+ 4F9/2 transitions, is shown in figure 5 for x 0.3. The 
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Figure 5 .  Distance 2A of the two lowest ‘H15,* 

(Tb,.Dyl - , )V04 compared with the CI model cal- 
culation including pre-strains according to 5 4.2.4 
(parameters of table 3). Full curve: fit with 6 = 
O.20xD,. Brokencurve: fitwithc = 0.265. (a)Pure 
D y V 0 4  (dots) and (Tbn I ,  Dy,,,)V04 (triangles). 

Kramers doublets of the Dy3+ ion in 

maximum distance 2A,,, at low temperatures decreases with decreasing Dy con- 
centration because of less effective coupling between the Dy3+ ions. Furthermore, for 
x 3 0.5, no change in the energy of the levels was observed, so the Dy3+ ion in the 
vanadate lattice does not couple to r: distortions [9]. It was therefore surprising that 
for x = 0.4 both transitions are discernible in the spectrum and that the r: distortion 
seems to act in some way on the ground state. The distance 2A is increasing with 
decreasing temperature even in the range TD2 s T s TDi and 2Ama, is greater for x = 
0.4 than for x = 0.3. Though the reasons for an interaction of the r: distortion on the 
Dy3+ levels remain unclear, this distortion must produce or enhance an inherent r; or 
r: stress (or a stress of other symmetry), possibly caused by insufficient crystal quality. 
With the crystal-field splitting, 2A0, the additional splitting for TD2 s T s TDl, 2A1(T), 
and the splitting due to the Jahn-Teller r; distortion, 2A2(T), the total splitting, 2A, 
as a function of T can be written as 

2A(T) = 2[Ai + A:(T) + A;(T)]”’ 

2A(T) = 2{Ai + [A, (T)  + A2(T)]2}”2 

(38) 

(39) 

if A T) is caused by a stress with symmetry different from r;, or as 

if A,(T) is caused by a r,‘ stress. From stress-dependent measurements on DyV04 [49] 
a r,i stress that would be responsible for the observed change of 2A in this temperature 
region can be estimated to be 200 MPa. With the measured elastic constant B(cll - cI2) 
[53] ,  this corresponds to an (inhomogeneous) r,’ strain of emax = 0.2%. 

The eigenvalues calculated in the CI modification of the MFA are in accordance with 
the spectroscopic measurements using the same parameters as for the specific heat (see 
below). Though adecision between [ = 0.2and f = 0.265 (oravaluein between) cannot 
be made, the energy eigenvalues clearly deviate from pure mean-field behaviour ( f  = 
0); see figure 5(a) .  Furthermore, [shows the same dependence on the concentration as 
for the specific heat. In the calculation the greater width of the pre-strain distribution 
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Figure 6. Molar specific heat of (Tbx,Dy,-,)VO4. The lattice contribution and the con- 
tributions of sample holder, heater and thermometer have been subtracted. Dots: exper- 
imental results. Full curve: calculated in the CI model with pre-strains according to § 4.2.4 
(parameters of table 3). Broken curve: Tb contribution to the specific heat (included in the 
full curve). (a )  Pure DyV04; (b )  (Tbo4,Dyo6)V04, sample I; (c) (Tbo2,DyO8)VO4; (d)  
(Tb, 4,Dyo 6)V04,  sample I1 (this sample was used for the birefringence measurements in 
paper 11). 

for increasing dilution clearly affects the mean distance between the two Kramers 
doublets for T > TD (figure 5(b)) .  In the experiments, however, this shift due to internal 
strains cannot be detected. 

5.3.2.  Specific heat. In contrast to the Tb-rich compounds, the Dy-rich compounds 
(0.0 S x S 0.3) show A-shaped behaviour. This is due to dominant short-range Jahn- 
Teller interactions via optical phonons (e.g. [53]). The maximum value of the specific 
heat of pure DyV04 (figure 6(a)) is much smaller than in earlier publications [12,66] 
(this is most probably caused by insufficient consideration of thermal noise, which 
reduces the measured specific heat, especially around the phase transition where the 
measuring time is long). With decreasing Dy concentration the measured curves (figure 
6(c)) are less concave for T < T,, indicating a smaller deviation from mean-field behav- 
iour. Additionally the high-temperature tail, which is even present in pure DyV04,  
becomes more distinct. While in pure DyV04 this tail was attributed to random strains 
[12], for the diluted substances this explanation is questionable (see below). By 'high- 
temperature tail' we do not mean the tail of the Schottky anomaly of a two-level system, 
which is naturally present in diluted DyV04,  too, but the strong smearing-out of the 
jump of the specific heat for T > TD. For x = 0.3, for example, this tail exists up to T = 
1.2TD (figure 7 ) .  

At low temperatures DyV04 shows a magnetic phase transition from the para- 
magnetic high-temperature phase to an antiferromagnetic phase [66,67]. This phase 
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Figure 7. Comparison of the measured 
specific heat of (Tbo 3,Dy, ,)VO4 (lattice 
contribution and contributions of sample 
holder, heater and thermometer 
subtracted) with calculations in the CI 
model with different parameters. Dots: 
experimental results. Full curve: e,/* = 

O 4  L 5 6 T I ( K l  8 9 10 0.00185, e,  = 7 X lo-‘, f = 0.200. Broken 
curve:e,/> = 0.00180,e, = lo-‘,< = 0.098. 

transition could be observed in the mixed substances for x G 0.5 (table 1). Its high- 
temperature tail is still found for x = 0.6 (figure 3(b) ) .  For greater Dy dilution, it is 
below the experimental limit of 1.1 K. 

For x = 0.4 both structural transitions are observed (figures 6(b) and (d)) .  For this 
concentration two different samples grown in different batches were investigated. The 
upper transition temperature, corresponding to the r: transition of diluted TbV04 ,  is 
identical within the experimental accuracy. The lower transition temperature, cor- 
responding to the r,‘ transition of diluted DyV04,  however, differs remarkably for the 
two samples. Because their Nee1 temperatures are nearly the same, this cannot be due 
to a different Dy concentration, but may be an effect of lesser crystal quality of the 
sample shown in figure 6(b) causing stronger random strains. 

For pure D y V 0 4  the specific heat can be fitted best with a compressibility f = 0.2 
(figure 6(a)). The difference from Page er a1 [12], who obtained f = 0.25, results from 
the smaller jump of the specific heat in our experiments. With other methods, the 
following parameters f have been fitted: 0.15 (dielectric constant, [13]) and 0.265 
(birefringence, [11] and paper 11). The specific heat of the diluted substances was 
fitted according to §4.2.4.  The best fit for these substances is achieved with 
f(x) = x”,,f<x,, = 1) (figures 6(b) to  (d) ) .  For the second measured sample with x = 
0.4, a somewhat greater value fits the measured curve better. The Tb contribution to the 
specific heat is also shown in the figures. For the samples withx = 0.4, this contribution is 
not only due to the specific heat of an unchanged four-level system, as for the samples 
with x G 0.3, but is altered by the r; distortion. For T S 2.8 K this distortion should 
disappear again. Because of the vicinity of the magnetic phase transition for these 
temperatures, a comparison of calculations and experiments does not seem to be reason- 
able. 

The good agreement of the compressibility fitted to the specific heat and fitted to the 
spectroscopic measurements, despite the theoretical restrictions of 8 4.2.4, makes it 
plausible that the compressibility arises from an anharmonic term in the strain and not 
in the pseudo-spin-pseudo-spin coupling. This contradicts the fit of the birefringence 
(paper II), where f(xDy) = constant was obtained (table 3). It is important that this 
discrepancy exists for measurements on the same sample (x = 0.4, sample 11). Although 
the birefringence in the diluted substances does not necessarily reveal the temperature 
dependence of the distortion (because of an eventual Tb contribution that requires at 
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least one new free parameter), we do not believe that this effect is the main cause for 
the difference in the compressibility. Although the calculations fit the specific heat well, 
there nevertheless remain some unsolved questions. The measured curve of 
(Tbo.3,Dy, , )V04,  for example (figure 7), is more concave than the calculated curve. 
Therefore a fit was tried with [ = 0.2 (i.e. the value of DyV04) and a relatively high 
value of e,, the unsymmetrical part of the pre-strain distribution (equation (20a)) ,  in 
order to reduce the height of the peak in the calculated curve with e, = 0 (figure 2(b) ) .  
The result is shown in figure 7. Altogether, this calculation agrees less well with the 
experiment than the former calculation. In the surroundings of TD the curve calculated 
in this way is broader than the observed one. The slope of the specific heat indeed 
becomes less steep for increasing values of e,, but for this modification the high-tem- 
perature behaviour as a whole is not reproduced. 

The CI model and every modification of it are modified mean-field approximations 
and are therefore based on long-range interactions. Although the CI model gives satis- 
factory results for pure substances with short-range interactions, this is not aconsequence 
of an explicit consideration of the short-range character. For the diluted substances, 
this deficiency becomes more distinct and makes such sophisticated attempts as the 
unsymmetrical random pre-strain distribution in the CI modification of the MFA ques- 
tionable. Nevertheless, theories that consider the short-range interactions in diluted 
substances and go beyond effective-field approximations do not exist to our knowledge. 
This is true both for diluted ferroelastics and for the analogous case of diluted Ising 
ferromagnets. It seems worth mentioning that the case of diluted DyV04  is even more 
complicated than an ordinary diluted king ferromagnet, both because of the finite 
crystal-field splitting for T > TD and because there are also long-range interactions 
present due to the coupling to elastic strains and to the coupling via acoustic phonons. 

6. Summary 

Measurements of specific heat, birefringence and optical spectroscopy established the 
phase diagram and the transition temperatures of the mixed Jahn-Teiler system 
(Tb,,Dy, - ,r)V04. The behaviour of the mixed substances for the Tb-rich compounds is 
determined by the characteristics of pure TbVOJ and for the Dy-rich compounds by 
those of pure DyV04.  For intermediate concentrations x = 0.35 and x = 0.4, crystal 
optical investigations show a superposition of the two different distortion types of the 
pure substances. 

According to the undisturbed superposition of the two distortion types, the values 
of the distortions can be calculated independently. For the mixed substances distorting 
like TbV04,  a mean-field calculation with the inclusion of random pre-strains explains 
the measured curves very well. For the mixed substances distorting like DyV04,  an 
extension of the mean-field approximation by the compressible Ising model including 
random pre-strains was necessary to get a good agreement between calculations and 
experimental findings. The agreement is not quite as satisfactory as for the substances 
distorting like TbV04.  This is caused by the superposition of long-range and short- 
range Jahn-Teller interactions in the Dy compounds. In this paper a large amount of 
experimental results have been presented where the theoretical interpretation is not yet 
fully satisfactory. Further effort, mainly from a theoretical point of view, would be 
desirable to get a more distinct understanding. 
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Appendix 

For diluted DyV04,  in the general case, a pseudo-spin-pseudo-spin coupling ( A o ) ,  a 
coupling of the pseudo-spins to the macroscopic strain (qo ) ,  different anharmonicities 
(f and 6) for these two interactions and an additonal pre-strain (e,) have to be taken into 
account. In the CI model, the partition function ZDy of the Dy3+ ion 

z D y  = z,,(Y) = Z D y { ~ D y ~ o ( ~ * ) ( 1  + [(aZ)*> + ro(eA + ev)[l+ 5(eA + e,)']) (AI) 
is a function of y with 

y = xDyAO(a')(l + f (a ' )2> + + + E(eA + (A21 
Then according to equations (21) and (30) and the pre-strain distribution equation (20), 
the free energy F D y  reads 

Obviously (a') and eA are only proportional if either = 0 or there are no pre-strains. 
In these special cases equation (6) is still d i d .  In the general case, however, both 
equations (A4) and (AS) have to be solved simultaneously. Then the solutions are 
dependent not only on f and E but also on the ratio A o / q O  of the coupling constants. The 
transition temperature thus depends not only on the half-width e,/' but also on f and 5. 
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